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Abstract. We reevaluate the hadronic vacuum polarisation contributions to the muon magnetic
anomaly and to the running of the electromagnetic coupling constant at the Z-boson mass. We include
newest e+e− → hadrons cross-section data (among others) from the BABAR and VEPP-2000 experi-
ments. For the muon (g− 2)/2 we find for the lowest-order hadronic contribution (693.1± 3.4) · 10−10,
improving the precision of our previous evaluation by 21%. The full Standard Model prediction differs
by 3.5σ from the experimental value. The five-quark hadronic contribution to α(m2Z) is evaluated to
be (276.0± 0.9) · 10−4.
1 Introduction
The Standard Model (SM) predictions of the anoma-
lous magnetic moment of the muon, aµ = (gµ − 2)/2,
with gµ the muon gyromagnetic factor, and of the run-
ning electromagnetic coupling constant, α(s), a crucial
ingredient of electroweak theory, are limited in preci-
sion by hadronic vacuum polarisation (HVP) contribu-
tions. The dominant hadronic terms can be calculated
with a combination of experimental cross-section data,
involving e+e− annihilation to hadrons, and perturba-
tive QCD. They are used to evaluate energy-squared
dispersion integrals ranging from the pi0γ threshold to
infinity. The kernels occurring in these integrals empha-
sise low photon virtualities, owing to the 1/s descent of
the cross section, and, in case of aµ, to an additional
1/s suppression. In the latter case, about 73% of the
lowest order hadronic contribution and 59% of the to-
tal uncertainty-squared are given by the pi+pi−(γ) final
state,1 while this channel amounts to only 12% of the
hadronic contribution to α(s) at s = m2Z .
In this work, we reevaluate the lowest-order hadronic
contribution, ahad,LOµ , to the muon magnetic anomaly,
and the hadronic contribution, ∆αhad(m2Z), to the run-
ning α(m2Z) at the Z-boson mass using newest e+e− →
hadrons cross-section data. The BABAR Collaboration
has essentially completed a programme of precise mea-
surements of exclusive hadronic cross sections for all
the dominant channels from threshold to an energy of
3–5 GeV using the initial-state radiation (ISR) method.
Also new results are being produced at the VEPP-2000
facility in Novosibirsk, Russia in the 1–2 GeV energy
1 Throughout this paper, final state photon radiation is
implied for all hadronic final states.
range. The new data complement the available infor-
mation on exclusive channels allowing to alleviate the
need for estimating missing channels with the use of
isospin symmetry.
We reevaluate all the experimental contributions us-
ing the software package HVPTools [1], and add to
these narrow resonance contributions evaluated analyt-
ically and continuum contributions obtained from per-
turbative QCD.
2 Input data
Exclusive bare hadronic cross-section measurements are
integrated up to 1.8 GeV over the relevant dispersion
kernels. In the present work 39 channels are included, as
compared to only 22 in our latest work from 2011 [2].
Thanks to the new measurements only very few final
states remain to be estimated using isospin symmetry.
In the energy range 1.8–3.7 GeV and above 5 GeV four-
loop perturbative QCD is used [3]. The contributions
from the open charm pair production region between
3.7 and 5 GeV are again computed using experimental
data. For the narrow resonances J/ψ and ψ(2S) Breit-
Wigner line shapes are integrated using their currently
best known parameters.
The integration of data points belonging to differ-
ent experiments with their own data densities requires
a careful treatment especially with respect to correlated
systematic uncertainties within the same experiment
and between different experiments. Quadratic interpo-
lation of adjacent data points is performed for each
experiment and a local combination between the in-
terpolations is computed in bins of 1 MeV. Full covari-
ance matrices are constructed between experiments and
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2channels. Uncertainties are propagated using pseudo-
experiment generation and closure tests with known
distributions are performed to validate both the com-
bination and integration. Where results from different
experiments are locally inconsistent the combined un-
certainty is rescaled according to the local χ2 value fol-
lowing the well-known PDG approach. At present, for
the dominant pi+pi− channel such inconsistencies are
limiting the precision of the combination. In most ex-
clusive channels the largest weight in the combination
is provided by BABAR measurements.
The following channel-wise discussion focuses on the
HVP contribution to aµ as it stronger relies on the low-
energy experimental data. We mainly explore the im-
pact of the data released since our last publication [2],
which provides references to all the older datasets used
in the combination.
2.1 The dominant pi+pi− channel
The pi+pi− channel dominates both the HVP contribu-
tion to aµ and its uncertainty. Recent experiments are
generally limited by systematic uncertainties. The main
contributors are BABAR [4, 5] (relative systematic un-
certainty of 0.5% per measurement), KLOE-2008 [6]
(0.8%), KLOE-2010 [7] (1.4%), CMD2 [10, 11] (0.8%),
and SND [12] (1.5%), For this update we newly included
KLOE-2012 [8] (0.8%) and the recent BESIII-2015 [9]
(0.9%). Only BABAR covers the full pi+pi− mass range
with high precision.
The three KLOE measurements exhibit statistical
correlations due to the common two-pion events used
in the 2008 and 2012 results (the 2012 analysis uses the
pion over muon pair cross-section ratio), and systematic
correlations from common uncertainty sources.2
Figure 1 shows the available e+e− → pi+pi− cross-
section measurements in various panels zooming into
different centre-of-mass energies (
√
s). The green band
indicates the HVPTools combination within its 1σ un-
certainty. The deviations between the combination and
the most precise individual measurements are plotted
in Fig. 2. Figure 3 (left) shows the local combination
weight versus
√
s per experiment. The BABAR and
KLOE measurements dominate over the entire energy
2 Correlations due to systematic uncertainties among the
three KLOE datasets are accounted for by matching one-
by-one the uncertainties impacting the measurements. For
example, the uncertainties due to the luminosity, radiator
function and vacuum polarisation are taken to be correlated
among the first two measurements, while they are found neg-
ligible or not present in the 2012 measurement. The final
state radiation uncertainty as well as the trigger, tracking,
acceptance and background uncertainties for the pipi data
are taken to be correlated among the three measurements,
while the background uncertainty for the µµ data only im-
pacts the 2012 measurement. We will replace this approxi-
mate treatment by a more accurate one once it is provided
by the KLOE Collaboration.
range. Owing to the sharp radiator function, the event
yield increases for KLOE towards the φ(1020) mass,
hence outperforming BABAR above ∼0.8 GeV. The
group of experiments labelled “Other exp” in Fig. 3 cor-
responds to older data with incomplete radiative cor-
rections. Their weights are small throughout the entire
energy domain. The computation of the dispersion in-
tegral over the full pi+pi− spectrum requires to extend
the available data to the region between threshold and
0.3 GeV, for which we use a fit as described in Ref. [1].
A tension between the BABAR and KLOE measure-
ments is observed at and above the ρ(770) peak region
(cf. Fig. 2), while the other measurements are consistent
with both. We stress the importance of locally assess-
ing the compatibility of the (correlated) cross-section
measurements, rather than comparing integrated val-
ues where discrepancies could cancel or be diluted. The
local uncertainty rescaling we apply (cf. right-hand plot
of Fig. 3) increases the combined ahad,LOµ uncertainty by
15% in the pi+pi− channel.
In spite of this problem, progress in the evaluation
of the pi+pi− contribution to ahad,LOµ has been steady
during the last decade. While the central value stayed
within quoted uncertainties, the uncertainty dropped
from3 5.9 in 2003 to 2.8 in 2011, and now amounts
to 2.6. The updated contribution from threshold to
1.8 GeV is 507.1 ± 1.1 ± 2.2 ± 0.8, where the first un-
certainty is statistical, and the second and third stand
for systematic uncertainties that are, respectively, un-
correlated and correlated with other channels. The cor-
relation originates mainly from uncertainties in the lu-
minosity and in radiative corrections, most notably the
vacuum polarisation correction applied to the measured
cross sections.
Our ahad,LOµ (pi+pi−) estimate using τ− → pi−pi0ντ
data from ALEPH, OPAL, CLEO, and Belle, 516.2 ±
2.9± 2.2 [13], where the first uncertainty is experimen-
tal and the second due to isospin-breaking corrections,
is 2.0σ larger than the current e+e−-based value. The
difference can be reduced by applying off-resonance γ–ρ
mixing corrections [14] that come with additional un-
certainties. Because of the progress in the e+e− data,
the τ input is now less precise and less reliable due to
additional theoretical uncertainties. While the τ versus
e+e− comparison is interesting in its own right, we do
no longer consider the τ data for the HVP evaluation.
2.2 The pi+pi−pi0 channel
Following the treatment described in Ref. [2] the con-
tributions from ω(782) and φ(1020) decaying to three
pions are directly evaluated from the e+e− → pi+pi−pi0
cross-section measurements (cf. Fig. 4). Other resonant
decays are included in the corresponding pi0γ, ηγ, and
3 Unless specified, these and all other aµ related values
throughout this paper are given in units of 10−10.
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Fig. 1. Bare cross section of e+e− → pi+pi− versus centre-of-mass energy for different energy ranges. The error bars of
the data points include statistical and systematic uncertainties added in quadrature. The green band shows the HVPTools
combination within its 1σ uncertainty.
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Fig. 2. Comparison between individual e+e− → pi+pi− cross-section measurements from BABAR [4, 5], KLOE 08 [6],
KLOE 10 [7], KLOE 12 [8], BESIII [9], CMD2 03 [10], CMD2 06 [11], SND [12], and the HVPTools combination. The error
bars include statistical and systematic uncertainties added in quadrature.
KK spectra, while small remaining non-resonant decay
modes are considered separately.
2.3 The four-pion channels
Recent results using the full BABAR data on e+e− →
pi+pi−2pi0 are now available [15]. As with other BABAR
measurements using the ISR method with the ISR pho-
ton measured at large angle, the acceptance for the re-
coiling hadronic system is large so that the resonance
substructure, dominated by the ωpi0, ρ0pi0pi0, and ρ+ρ−
final states, can be fully identified and accurately mod-
elled with a Monte Carlo generator. The systematic
uncertainty is 3.1% below 2.7 GeV, a considerable im-
provement over the value of about 10% of preliminary
results available so far. Data from some older exper-
iments, both imprecise and inconsistent, are now dis-
carded. As seen in the left hand plot of Fig. 5 the
BABAR results lead to a substantial precision improve-
ment in this channel.
The pi+pi−2pi0 HVP contribution to ahad,LOµ from
threshold to 1.8 GeV is 18.03±0.06±0.48±0.26, where
the total uncertainty of 0.55 is reduced by a factor of
2.3 compared to our 2011 result [2]. We note that the τ -
based result 21.0±1.2±0.4 (the second uncertainty ac-
counts for isospin-symmetry breaking corrections), ob-
tained from a combination of ντpi−pi+pi− and ντpi−3pi0
spectral functions measured by ALEPH [13], is 2.2σ
larger than the e+e− value and twice less precise.
New 2pi+2pi− cross-section data (cf. right hand plot
in Fig. 5) were published by BABAR in 2012 [16] using
the full available data sample and with a reduced sys-
tematic uncertainty (2.4%) compared to previous par-
tial results. New measurements from CMD3 between
0.920 and 1.060 GeV are also available [17]. The re-
sulting combined HVP contribution is 13.68 ± 0.03 ±
0.27± 0.14, with a total uncertainty of 0.31 reduced by
a factor of 1.7 compared to our 2011 result [2].
For comparison, the ALEPH τ -based prediction of
2pi+2pi−, 12.8 ± 0.7 ± 0.4 [13], is consistent, but more
than twice less precise than the e+e−-based one. The
τ -based evaluation of the sum of the two four-pion chan-
nels, 33.8± 1.5, benefits from an anticorrelation due to
the ντpi±3pi0 contribution in both channels. It is con-
sistent with the e+e−-based value of 31.7 ± 0.6 within
1.3σ. The τ -based cross-section predictions are com-
pared to the e+e− data in Fig. 5.
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Fig. 3. Left: relative local weight per experiment contributing to the e+e− → pi+pi− cross-section combination versus
centre-of-mass energy. Right: local scale factor versus centre-of-mass energy applied to the combined pi+pi− cross-section
uncertainty to account for inconsistency in the individual measurements.
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Fig. 4. Bare cross section of e+e− → pi+pi−pi0 versus
centre-of-mass energy. The error bars of the data points
include statistical and systematic uncertainties added in
quadrature. The green band shows the HVPTools combi-
nation within its 1σ uncertainty.
2.4 The KK channels
New cross-section measurements are available for the
K0SK
0
L channel. The BABAR experiment detects both
K0S and K0L from threshold up to 2.2 GeV [18], while
CMD3 counts K0S in the φ(1020) resonance region [19].
Consistency is observed between the two experiments
as well as with older measurements from CMD2 and
SND. The measured cross sections are shown in the
right panel of Fig. 6.
The K0SK0L contribution to ahad,LOµ up to 1.8 GeV
amounts to 12.81±0.06±0.18±0.15 with a total uncer-
tainty of 0.24, which is reduced by a factor of 1.6 over
that of our 2011 estimate [2].
Recent measurements from SND [20] at VEPP-2000
for the K+K− channel agree with BABAR [21], while
both show a discrepancy with former SND data, ob-
tained at VEPP-2M below 1.4 GeV, that exceeds the
quoted systematic uncertainty. The BABAR and new
SND data are displayed in the left hand panel of Fig. 6.
Some concern arises with regard to the e+e− →
φ→ K+K− cross-section measurements. The BABAR
result has a systematic uncertainty of 0.7%, but it is
larger by 5.1% (9.6%) than CMD2 (SND) which has
a systematic uncertainty of 2.2% (7.1%). Including the
BABAR data the contribution to ahad,LOµ increases from
21.63 to 22.67 with an uncertainty of 0.43. A recent
preliminary result from CMD3 [22] shows a very large
(∼11%) excess of the cross section over CMD2 and ∼5%
over BABAR. The origin of this large discrepancy is not
understood at present [23]. It raises doubts on the abil-
ity to perform a precision measurement of this channel
with the standard energy-scan method because the de-
tection efficiency of the low-momentum K± from φ de-
cay is difficult to model. Owing to the boost of the final
state, the ISR method is expected to be more reliable
for the charged kaon detection.
2.5 The KK + pions channels
In previous hadronic vacuum polarisation analyses the
available exclusive e+e− → KK + pions data were in-
complete. Missing channels were constrained based on
assumptions about the process dynamics and isospin
symmetry [24, 2] leading to considerable uncertainty.
This procedure became unnecessary since the BABAR
experiment produced cross-section results for the three
channels contributing to the final state KKpi and six
channels contributing to KKpipi. A key ingredient of
the BABAR analyses is the detection of neutral kaons,
both K0S , through the pi+pi− decay, and K0L interacting
in the calorimeters.
Together with previous measurements of K0SK±pi∓
and K+K−pi0, data for K0SK0Lpi0 [25] complete the pic-
ture for the KKpi channel (cf. top row panels in Fig. 7).
Because that final state is dominated by K?K produc-
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Fig. 5. Bare cross sections for e+e− → pi+pi−2pi0 (left) and e+e− → 2pi+2pi− (right). The error bars of the data points
include statistical and systematic uncertainties added in quadrature. The green bands show the HVPTools combinations
within 1σ uncertainties. The cross-section predictions within 1σ uncertainties derived from ALEPH τ four-pion spectral
functions are indicated by the light grey bands.
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Fig. 6. Bare cross sections for e+e− → K+K− (left) and e+e− → K0SK0L (right). See text for a description of the data
used.
tion below 1.8 GeV (with a small contribution from
φpi0), it is expected that isospin symmetry provides
a good approximation. Indeed, the contribution from
the sum of the measured channels, 2.45 ± 0.15, is in
agreement with and has similar precision as the result
2.39 ± 0.16 obtained from the K0SK±pi∓ data only to-
gether with isospin symmetry.
Of the six channels contributing to KKpipi only two,
K+K−pi+pi− and K+K−2pi0, had been measured by
BABAR in 2011. Constraints from isospin symmetry
were used to estimate the missing channels [2], but be-
cause of the complex dynamics involving K∗(890)Kpi,
KKρ and φpipi intermediate states, these estimates were
plagued by substantial uncertainties. Among the re-
maining channels, K0SK0Lpi+pi− [18], K0SK0Spi+pi− [18],
K0SK
0
L2pi0 [25], and K0SK±pi±pi0 [26] have been mea-
sured by BABAR. In addition, the previously measured
channels K+K−pi+pi− and K+K−2pi0 have been up-
dated with the full data sample [27]. New measurements
of K+K−pi+pi− became available from CMD3 [28] and
are in agreement with the BABAR data. Except for
K0LK
0
Lpi
+pi−, which can be safely estimated using CP
symmetry, all cross sections have now been measured.
The precision in the inclusive contribution to ahad,LOµ
from all KKpipi final states improved from previously
0.39, dominated by the uncertainty in the estimates
from isospin symmetry [2], to presently 0.05 (cf. Ta-
ble 1 on page 9).
2.6 Other channels
Data on many processes with smaller cross sections,
mainly from VEPP-2000, have become available and
are included in the HVPTools database. This is the
case for 3pi+3pi− from CMD3 [29], pi0γ [30], ηγ [31],
ηpi+pi− [32], and ωpi0 [33] from SND, ηω from SND [34]
and CMD3 [35], nonresonant ηpi+pi−pi0 from CMD3 [35],
ηpi+pi− from BABAR [36], which extend and improve
7   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2 DM2
BABAR
Combined
0pi
-K+K→-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
1
2
3
4
5
6
7 DM2
DM1
BABAR
Combined
-+pi
+-KS
0K→-e+eCr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.5
1
1.5
2
2.5
3
3.5
4
BABAR
Combined
0piLKSK→
-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
1
2
3
4
5
6
7
8
DM1
DM2
CMD3
BABAR
Combined
-pi+pi
-K+K→-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.2
0.4
0.6
0.8
1
BABAR
Combined
0pi0pi
-K+K→-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.5
1
1.5
2
2.5
3
BABAR
Combined
0pi-+pi
+-KSK→
-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.2
0.4
0.6
0.8
1
1.2
1.4 BABAR
Combined
-pi+piLKSK→
-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4 2.5
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7 BABAR
Combined
-pi+piSKSK→
-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
   [GeV]s
1.4 1.6 1.8 2 2.2 2.4
Cr
os
s 
se
ct
io
n 
  [n
b]
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
BABAR
Combined
0pi0piLKSK→
-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
Fig. 7. Bare cross-section data for KKpi (top row) and KKpipi (middle and bottom rows) final states. See text for
references. The error bars of the data points include statistical and systematic uncertainties added in quadrature. The green
bands show the HVPTools interpolations within 1σ uncertainties. Because the integral of the interpolation within a bin of
a given measurement is rescaled to equal the bin content (recall that the BABAR cross-section measurements are obtained
from unfolded histograms) the interpolated cross section can appear slightly shifted with respect to the measurement in
cases of local shape variations.
older measurements in these channels. Except for the
ηω cross section above 1.6 GeV, results using the ISR
technique at BABAR and the scan method at VEPP-
2000 are in agreement notwithstanding their different
systematic uncertainties. Above 1.8 GeV the produc-
tion of pp measured by BABAR [37] and CMD3 [38], nn
by ADONE [39] and SND [40], and ηωpi0 by SND [41]
are included.
Figure 8 shows the available measurements and their
combination of the charm resonance region above the
opening of the DD channel. The individual datasets
agree within uncertainties. While Crystal Ball [45] and
BES [42] published bare inclusive cross-section results,
PLUTO applied only radiative corrections [46] follow-
ing the formalism of Ref. [47], which does not include
HVP. Following similar previous cases [48], we have ap-
plied this correction and assigned a 50% systematic un-
certainty to it.
2.7 Estimated missing channels
Even with the large number of exclusive cross-section
measurements available below 2 GeV, covering parti-
cle multiplicities up to six hadrons including pi0 and η
mesons, a few channels with more than two neutral pi-
ons are still unmeasured and their contributions must
be estimated using isospin symmetry. The treatment of
the channels pi+pi−3pi0, pi+pi−4pi0, and ηpi+pi−2pi0 fol-
lows our previous approach detailed in Ref. [2].
Whereas the e+e− → ηφ cross-section data were al-
ready included, the previously neglected smaller contri-
bution from e+e− → η(K+K−)non-φ where the K+K−
does not originate from resonant φ decay is now taken
into account following a BABAR measurement [49]. Its
unmeasured counterpart e+e− → η(KSKL)non-φ can be
crudely estimated to equal the corresponding K+K−
contribution with a 100% systematic uncertainty. This
estimate is consistent with the upper limit that can be
deduced using BABAR’s K0SK0Lη measurement [25].
8   [GeV]s
3.8 4 4.2 4.4 4.6 4.8 5
Cr
os
s 
se
ct
io
n 
  [n
b]
10
15
20
25
30
PLUTO
CB
BES
Combined
Hadrons→-e+e
Cr
os
s 
se
ct
io
n 
  [n
b]
Fig. 8. Inclusive bare hadronic cross section versus centre-
of-mass energy above the DD threshold. The error bars of
the data points include statistical and systematic uncertain-
ties added in quadrature. The green band shows the HVP-
Tools combination within its 1σ uncertainty.
Altogether the contribution from missing channels
to ahad,LOµ up to 1.8 GeV is estimated to be 0.46±0.12,
corresponding to a fraction of only (0.09±0.02)% of the
full HVP contribution in this range. The corresponding
fraction in our 2011 analysis was much larger, (0.69 ±
0.07)%, illustrating the experimental progress made.
3 Compilation and results
A compilation of the various contributions to ahad,LOµ
and to ∆αhad(m2Z), as well as the total results are given
in Table 1. The experimental uncertainties are sepa-
rated into statistical, channel-specific systematic, and
common systematic contributions that are correlated
with at least one other channel.
The contributions from the J/ψ and ψ(2S) reso-
nances in Table 1 are obtained by numerically integrat-
ing the corresponding undressed4 Breit-Wigner line-
shapes.5 The uncertainties in the integrals are domi-
nated by the knowledge of the corresponding bare elec-
tronic width Γ 0R→ee for which we use the values 5.60±
0.06 keV for R = J/ψ [51] and 2.35 ± 0.05 keV for
R = ψ(2S) [52].
Sufficiently far from the quark thresholds we use
four-loop [53] perturbative QCD, includingO(α2S) quark
mass corrections [54], to compute the inclusive hadronic
cross section. Nonperturbative contributions at 1.8 GeV
were determined from data [55] and found to be small.
The uncertainties of the RQCD contributions given in
4 The undressing uses the BABAR programme Afkvac
correcting for both leptonic and hadronic VP effects. The
correction factors amount to (1−Π(s))2 = 0.956 and 0.957
for the J/ψ and ψ(2S), respectively.
5 Using instead the narrow-width approximation, σR =
12pi2Γ 0ee/MR · δ(s−M2R), gives consistent results.
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Fig. 9. Inclusive bare hadronic cross-section ratio versus
centre-of-mass energy in the continuum region below the
DD threshold. Shown are BES [42] and KEDR [43, 44]
data points with statistical and systematic errors added in
quadrature, the HVPTools combination (green band), and
the prediction from perturbative QCD (dark blue line).
Table 1 are obtained from the quadratic sum of the un-
certainty in αS (we use αS(m2Z) = 0.1193±0.0028 from
the fit to Z precision data [56]), the truncation of the
perturbative series (we use the full four-loop contribu-
tion as systematic uncertainty), the difference between
fixed-order perturbation theory and, so-called, contour-
improved perturbation theory [57], as well as quark
mass uncertainties (we use the values and uncertain-
ties from Ref. [58]). The former three uncertainties are
taken to be fully correlated between the various energy
regions (see Table 1), whereas the (smaller) quark-mass
uncertainties are taken to be uncorrelated.
The KEDR Collaboration has recently published
results from an inclusive R scan from
√
s = 1.84 to
3.05 GeV [44], complementing their previous measure-
ments obtained between 3.12 and 3.72 GeV [43]. These
data are the most precise and complete in this energy
range with a typical systematic uncertainty of 3% for
a total of 20 measurements. They constitute a very
valuable input to test the validity of the perturbative
QCD estimate (cf. Fig. 9). Integrating the dispersion
integrals between 2.0 and 3.7 GeV gives for the com-
bined data 25.82±0.61 (ahad,LOµ in the usual units) and
(21.22 ± 0.48) · 10−4 (∆αhad(m2Z)), compared to the
QCD predictions 25.15± 0.19 and (20.69± 0.14) · 10−4,
respectively. Agreement within 1σ is found.
To examine the transition region between the sum
of exclusive measurements and QCD we have computed
ahad,LOµ and ∆αhad(m2Z) in the narrow energy interval
1.8–2.0 GeV. For the former quantity we find 7.71 ±
0.32 and 8.30 ± 0.09 for data and QCD, respectively.
The full difference of 0.59 (0.26 · 10−4 in the case of
∆αhad(m2Z)) is assigned as additional systematic un-
certainty, labelled by “dual” subscripts in Table 1. It
accounts for possible low-mass quark-hadron duality vi-
olation affecting the perturbative QCD approximation
9Channel ahad,LOµ [10−10] ∆αhad(m2Z) [10−4]
pi0γ 4.29± 0.06± 0.04± 0.07 0.35± 0.00± 0.00± 0.01
ηγ 0.65± 0.02± 0.01± 0.01 0.08± 0.00± 0.00± 0.00
pi+pi− 507.14± 1.13± 2.20± 0.75 34.39± 0.07± 0.15± 0.05
pi+pi−pi0 46.20± 0.40± 1.10± 0.86 4.60± 0.04± 0.11± 0.08
2pi+2pi− 13.68± 0.03± 0.27± 0.14 3.58± 0.01± 0.07± 0.03
pi+pi−2pi0 18.03± 0.06± 0.48± 0.26 4.45± 0.02± 0.12± 0.07
2pi+2pi−pi0 (η excl.) 0.69± 0.04± 0.06± 0.03 0.21± 0.01± 0.02± 0.01
pi+pi−3pi0 (η excl., isospin) 0.35± 0.02± 0.03± 0.01 0.11± 0.01± 0.01± 0.00
3pi+3pi− 0.11± 0.00± 0.01± 0.00 0.04± 0.00± 0.00± 0.00
2pi+2pi−2pi0 (η excl.) 0.72± 0.06± 0.07± 0.14 0.25± 0.02± 0.02± 0.05
pi+pi−4pi0 (η excl., isospin) 0.11± 0.01± 0.11± 0.00 0.04± 0.00± 0.04± 0.00
ηpi+pi− 1.18± 0.03± 0.06± 0.02 0.34± 0.01± 0.02± 0.01
ηω 0.32± 0.02± 0.02± 0.01 0.10± 0.01± 0.01± 0.00
ηpi+pi−pi0 (non-ω,φ) 0.39± 0.03± 0.11± 0.03 0.13± 0.01± 0.04± 0.01
η2pi+2pi− 0.03± 0.01± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
ηpi+pi−2pi0 0.03± 0.01± 0.01± 0.00 0.01± 0.00± 0.00± 0.00
ωpi0 (ω → pi0γ) 0.94± 0.01± 0.02± 0.02 0.20± 0.00± 0.00± 0.00
ω(pipi)0 (ω → pi0γ) 0.08± 0.00± 0.01± 0.00 0.03± 0.00± 0.00± 0.00
ω (non-3pi,piγ, ηγ) 0.36± 0.00± 0.01± 0.00 0.03± 0.00± 0.00± 0.00
K+K− 22.81± 0.24± 0.28± 0.17 3.31± 0.03± 0.04± 0.03
KSKL 12.82± 0.06± 0.18± 0.15 1.74± 0.01± 0.03± 0.02
φ (non-KK, 3pi,piγ, ηγ) 0.05± 0.00± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
KKpi 2.45± 0.06± 0.12± 0.07 0.78± 0.02± 0.04± 0.02
KK2pi 0.85± 0.02± 0.05± 0.01 0.30± 0.01± 0.02± 0.00
KK3pi (estimate) −0.03± 0.01± 0.02± 0.00 −0.01± 0.00± 0.01± 0.00
ηφ 0.36± 0.02± 0.02± 0.01 0.13± 0.01± 0.01± 0.00
ηKK (non-φ) 0.01± 0.01± 0.01± 0.00 0.00± 0.00± 0.01± 0.00
ωKK (ω → pi0γ) 0.01± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
ωηpi0 0.06± 0.04± 0.00± 0.00 0.02± 0.02± 0.00± 0.00
J/ψ (BW integral) 6.28± 0.07 7.09± 0.08
ψ(2S) (BW integral) 1.57± 0.03 2.50± 0.04
Rdata [3.7–5.0 GeV] 7.29± 0.05± 0.30± 0.00 15.79± 0.12± 0.66± 0.00
RQCD [1.8–3.7 GeV]uds 33.45± 0.28± 0.59dual 24.27± 0.18± 0.26dual
RQCD [5.0–9.3 GeV]udsc 6.86± 0.04 34.89± 0.17
RQCD [9.3–12.0 GeV]udscb 1.21± 0.01 15.56± 0.04
RQCD [12.0–40.0 GeV]udscb 1.64± 0.00 77.94± 0.12
RQCD [> 40.0 GeV]udscb 0.16± 0.00 42.70± 0.06
RQCD [> 40.0 GeV]t 0.00± 0.00 −0.72± 0.01
Sum 693.1± 1.2± 2.6± 1.7± 0.1ψ ± 0.7QCD 275.28± 0.16± 0.71± 0.23± 0.09ψ ± 0.55QCD
Table 1. Compilation of the contributions to ahad,LOµ and ∆αhad(m2Z) as obtained from HVPTools. Where three (or more)
uncertainties are given, the first is statistical, the second channel-specific systematic, and the third common systematic,
which is correlated with at least one other channel. For the contributions computed from QCD, only total uncertainties
are given, which include effects from the αS uncertainty, the truncation of the perturbative series at four loops, the FOPT
vs. CIPT ambiguity, and quark mass uncertainties. Except for the latter uncertainty, all other uncertainties are taken
to be fully correlated among the various energy regions where QCD is used. The additional uncertainty dubbed “dual”
estimates possible quark-hadron duality violating effects in the QCD estimate between 1.8 and 2.0 GeV. The uncertainties
in the Breit-Wigner integrals of the narrow resonances J/ψ and ψ(2S) are dominated by the the respective electronic
width measurements [58]. The uncertainties in the sums (last line) are obtained by quadratically adding all statistical and
channel-specific systematic uncertainties, and by linearly adding correlated inter-channel systematic uncertainties.
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Fig. 10. The total hadronic e+e− annihilation rate R as a function of
√
s. Inclusive measurements from BES [42] and
KEDR [43, 44] are shown as data points, while the sum of exclusive channels from this analysis is given by the narrow blue
bands. Also shown is the prediction from massless perturbative QCD (solid red line).
that we use for this interval to avoid systematic effects
due to possible unmeasured high-multiplicity channels.
Figure 10 shows the total hadronic e+e− annihila-
tion rate R versus centre-of-mass energy as obtained
from the sum of exclusive data below 2 GeV and from
inclusive data between 1.8 and 5 GeV.6 Also indicated
are the QCD prediction above 1.5 GeV and the analyt-
ical narrow J/ψ and ψ(2S) resonances.
Muon magnetic anomaly
Adding all lowest-order hadronic contributions together
gives
ahad,LOµ = 693.1± 3.4 , (1)
which is dominated by experimental systematic uncer-
tainties (cf. Table 1 for a separation of the total uncer-
tainty into its components). The new result is 0.4 units
larger than our previous evaluation [2] and 21% more
precise owing to the new and improved experimental
data.
Adding to (1) the contributions from higher order
hadronic loops, −9.87 ± 0.09 (NLO) and 1.24 ± 0.01
(NNLO) [63], hadronic light-by-light scattering, 10.5±
2.6 [64], as well as QED, 11 658 471.895 ± 0.008 [65]
6 We have verified that the integration of the finely binned
R distribution shown in Fig. 10, together with its covariance
matrix, accurately reproduces the ahad,LOµ and ∆αhad(m2Z)
results obtained by summing the exclusive modes below
1.8 GeV in Table 1.
(see also [60] and references therein), and electroweak
effects, 15.36 ± 0.10 [66], we obtain the complete SM
prediction
aSMµ = 11 659 182.3± 3.4± 2.6± 0.2 (4.3tot) , (2)
where the uncertainties account for lowest and higher
order hadronic, and other contributions, respectively.
The result (2) deviates from the experimental value,
aexpµ = 11 659 209.1 ± 5.4 ± 3.3 [59, 60], by 26.8 ± 7.6
(3.5σ).
A compilation of recent SM predictions for aµ com-
pared with the experimental result is given in Fig. 11.
Running electromagnetic coupling at m2Z
The sum of all quark-flavour terms from Table 1 gives
for the hadronic contribution to the running of α(m2Z)
∆αhad(m2Z) = (275.3± 0.9) · 10−4 , (3)
the uncertainty of which is dominated by data system-
atic effects (0.7 · 10−4) and the uncertainty in the QCD
prediction (0.6 · 10−4).
Adding to (3) the three-loop leptonic contribution,
∆αlep(m2Z) = 314.97686 · 10−4 [67], with negligible un-
certainty, one finds
α−1(m2Z) = 128.947± 0.012 . (4)
The current uncertainty on α(m2Z) is sub-dominant in
the SM prediction of the W -boson mass (the dominant
11
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uncertainties are due to the top mass and of theoret-
ical origin), but dominates the prediction of sin2 θ`eff ,
which, however, is about twice more accurate than the
combination of all present measurements [56].
4 Conclusions and perspectives
Using newest available e+e− → hadrons cross-section
data we have reevaluated the lowest-order hadronic vac-
uum polarisation contribution to the Standard Model
prediction of the anomalous magnetic moment of the
muon, and the hadronic contribution to the running
electromagnetic coupling strength at the Z-boson mass.
For the former quantity we find ahad,LOµ = (693.1±3.4)·
10−10. The uncertainty of 0.5% on this contribution
is now reduced to about half the current uncertainty
of the aµ measurement, and has improved by more
than a factor of two during the last thirteen years. The
discrepancy between measurement and complete Stan-
dard Model prediction remains at a non-conclusive 3.5σ
level. The forthcoming experiments at Fermilab [68]
and JPARC [69], aiming at up to four times better ul-
timate precision, have the potential to clarify the situ-
ation.
To match the precision of these experiments further
progress is needed to reduce the uncertainty on ahad,LOµ
from dispersion relations. New analyses of the domi-
nant pi+pi− channel are underway at the BABAR and
CMD3 experiments for which a systematic uncertainty
of 0.3% may be reachable. In the 1–2 GeV range it is
important to improve the precision of the pi+pi−pi0 and
K+K− channels. Independently of the data-driven ap-
proach, Lattice QCD calculations of ahad,LOµ are also
progressing albeit not yet reaching competitive preci-
sion [70].
The determination of ahad,LOµ is closing in on the es-
timated uncertainty of the hadronic light-by-light scat-
tering contribution ahad,LBLµ of 2.6 · 10−10, which ap-
pears irreducible at present. Here only phenomenolog-
ical models have been used so far and Lattice QCD
calculations could have a strong impact [71].
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